In this chapter we study the concept of distributive and dually distributive ideal in a semilattice. We observed that every ideal need not be a distributive ideal(dually distributive). The properties of ideals in a Distributive semilattice were also studied.
We study that for distributive (dually distributive ) ideal of join semilattice a binary relation θ defined on set of all ideals of a semilattice I(S) is a congruence relation.
We give notion of Standard and Dual standard ideal in a join semilattice and established characterization theorem for standard ideal in a join semilattice. And given necessary and sufficient condition for a distributive ideal to be standard ideal in a semilattice,also given the Fundamental theorem of homomarphism and isomorphism theorem for Standard ideals in a semilattice. §1 Distributive Ideals:
Definition :
A semilattice is a partially ordered set (S, ≤) in which any two elements in S have the least upper bound in S.
Definition:
A semilattice is a non empty set S with binary operation ∨ defined on it and satisfy the following: First, we check that ≤ is a partial order.
Reflexive : Clearly a ≤ a ⇔ a ∨ a = a Therefore a ∨ b is a least upper bound of {a, b} in S.
Therefore (S, ∨) is a partial ordered set.
Conversely, suppose that (S, ≤) is a partial ordered set.
To show that (P, ≤) is a semilattice. Therefore (P, ≤) is idempotent, commutative and Associate.Hence, (P, ≤) is a semilattice.
A non empty subset D of a join semilattice S is called an ideal if
1.5 Theorem: If I(S) denote set of all ideals of a join semilattice S, then I(S) is a lattice with respective to the following: Proof: Let I(S) be set of all ideals of a semilattice S.
Claim : I(S) is a lattice.
First we prove that I(S) is a partially order set .By using given three conditions
Therefore ( I(S), ≤ ) is partially ordered set. Now, to show that I(S) has least upper bound (lub) and greatest lower bound (glb)
To show that D 1 ∨ D 2 is an ideal.We give Proof of D 1 ∨ D 2 is an ideal by different cases.
is an ideal and x ∨ y ∈ D 2 as D 2 is an ideal.
(ii) Let x be any element in D 1 ∨ D 2 and t ∈ S such that t ≤ x, we examin the following cases.
Since x ∈ D 1 ∨ D 2 , x = x 1 ∨ x 2 where x 1 ∈ D 1 and x 2 ∈ D 2 (i) Suppose x 1 ≤ t and t ≤ x 2 , then t ∈ D 2 as D 2 is an ideal and x 2 ∈ D 2
Now t ∨ x 1 = t as t ∈ D 2 and x 1 ∈ D 1 , thus t ∈ D 1 ∨ D 2
(ii) Let x 1 ≤ t and x 2 ≤ t , thus x 1 ∨ x 2 ≤ t Since, we have t ≤ x 1 ∨ x 2
(iii) Let t ≤ x 1 and x 2 ≤ t, thus t ∈ D 1 as D 1 is an ideal and x 2 ∈ D 2 . Now x 2 ∨ t = t as x 2 ∈ D 2 and t ∈ D 1 .
(iv) Let t ≤ x 1 and t ≤ x 2 , thus t ∈ D 1 and t ∈D 2 as D 1 and D 2 are ideals. Now
Therefore, by above different cases, we can conclude that D 1 ∨ D 2 is an ideal.
Let t ∈ D 1 and x 2 be any element in D 2
Since t ≤ t ∨ x 2 and t ∨ x 2 ∈ D 1 ∨ D 2 we have t ∈ D 1 ∨ D 2 .
Now to show that D 1 ∨ D 2 is the smallest ideal containing D 1 and D 2 .
Let D be an ideal such that
Hence, D 1 ∨ D 2 is the smallest ideal containing both D 1 and D 2 .
Define a relation as follows (ii)Let x ∈ D 1 ∧ D 2 and t ∈ S such that t ≤ x Then x ∈D 1 and x ∈ D 2 . As x ∈ D 1 and t ≤ x. We have t ∈ D 1 .
As x ∈ D 2 and t ≤ x, we have t ∈ D 2 .Therefore t
Therefore D 1 ∧ D 2 is a greatest lower bound of { D 1 ,D 2 } Therefore I(S) has both lub and glb. Hence I(S) is a lattice.
6 Definition:
The smallest ideal containing x in a join semilattice S is denoted by (x] and is given by (x] = { s in S / s ≤ x} such ideal is called principal ideal generated by x. 1.9 Remark : (i) Every ideal need not be a distributive ideal
Definition
(ii) Every ideal need not be a dually distributive ideal.
Proof:
For example, consider the a join semilattice S = {1,a,b,c,a n ……, a 1, a 0 } given in figure 1 Figure 1 Let D={ a 0 , a 1 …….. a n ,a} X={ a 0 , a 1 …….. a n ,b} and Y={ a 0 , a 1 …….. a n ,c}be subsets of S.
Clearly D, X, Y are ideals of S. Now X ∧ Y = {a 0 , a 1 …….. a n } D ∨ (X ∧ Y) = {a 0 , a 1 …….. a n , a}and D ∨ X = S and D ∨ Y = S.
Also X ∨ Y = S and D ∧ (X ∨ Y) = {a 0 , a 1 …….. a n , a} D ∧ X = {a 0 , a 1 …….. a n } ; D ∧ Y = {a 0 , a 1 …….. a n } ; 
Therefore D 1 ∨ D 2 is a distributive ideal.
Definition:
A join semilattice S is said to be directed below if a, b ∈ S, then there exists c such that c ≤ a, c ≤ b.
Definition: A joinsemilattice S is called distributive if and only if w ≤ a ∨ b, where
w, a, b in S ⇒ there exists x, y in S such that x ≤ a, y ≤ b and w = x ∨ y.
Theorem: A joinsemilattice S is distributive if and only if (i)
S is directed below.
(ii) The lattice I(S) of all ideals of S is a distributive lattice.
Proof: Suppose a semilattice S is distributive.
(i) To prove that S is directed below:
Since a ≤ a ∨ b ⇒ there exists x, y in S such that x ≤ a, y ≤ b and a = x ∨ y.
Since y ≤ x ∨ y = a ⇒ y ≤ a also y ≤ b.
Therefore for a, b in S there exists y in S such that y ≤ a, y ≤ b.
Therefore S is directed below.
(ii) To prove that the lattice I(S) is distributive:
Hence I(S) is a distributive lattice.
Conversely, suppose that S is directed below and I(S) is distributive lattice.
Claim: S is distributive semilattice.
Let w ≤ a ∨ b where a, b, w ∈ S.
Hence there exists a 0 , a 1 in S such that a 0 ≤ a; a 1 ≤ b and (w] = a 0 ∨ a 1.
Therefore S is distributive semilattice.
1.14 Definition: A binary relation θ on a lattice L is called congruence relation if
and x ∧ y ≡ x 1 ∧ y 1 (θ) for all x, y, x 1 , y 1 in L. To prove that (i) ⇒ (ii):
To prove that ϕ is a homomorphism:
Let X, Y in I(S) be arbitrary.
Therefore ϕ is homomorphism.
To prove that ϕ is onto: To show that the relation is congruence:
Therefore θ D is symmetry.
(c) Let X, Y, Z in I(S) be arbitrary.
Therefore θ D is Transitive.
(d) Substitution Property:
Similarly we can prove that
Therefore θ D is a congruence relation.
To show that (iii) ⇒ (i):
Therefore D is distributive. Let I(S) be the set of all ideals of S.
To show that (1) ⇒ (2). Suppose D is a Dually Distributive ideal.
First we show that ϕ is homomorphism.
Let X, Y be in I(S)
Therefore ϕ is homomorphism. Hence ϕ is onto
To show that θ D is a congruence relation.
(i) Reflexive : Let X be I(S)
Substitution Property: Let X, Y, X 1 , Y 1 be I(S)
Hence (θ D ) is a congruence relation. Now, we show that D is dually distributive.
Let X, Y be in I(S) be arbitary
By substitution property we have 
Thus, by definition itself every standard ideal is an ideal.
Conversely, Consider the semilattice S = {a 0 , a 1 , a 2 ,….. a n ,a, b,c,d,1} as shown in following figure 2.
Let D = {a 0 , a 1 , a 2 ,….. a n ,a} ⊆ S,then a 0 ∨ a 1 = a ∈ D and Let a ∈ D and a n ∈ S such that a n ≤ a implies a n ∈D.Therefore D is an ideal of S. Now consider X = {a 0 , a 1 , a 2 ,….. a n , b}; Y = {a 0 , a 1 , a 2 ,….. a n , c} which are ideals of S.
then X Y ∧ = {a 0 , a 1 , ….. a n } D Y ∨ = S and X D ∧ = {a 0 , a 1 , ….. a n } Now,
Therefore X is not a standard ideal.
Hence every ideal may not be a standard ideal. Since d 1 ≤ x, y 1 ≤ x and x ∈ X, we have x ∈ X ∨ D and x ∈ X ∨ Y,
Similarly let x ∈ (X ∨ D) ∧ (X ∨ Y) , then x ∈ X∨ D and x ∈ X ∨ Y. As the condition holds, we have if x ≤ d ∨ y for some d ∈ D, implies there exists d 1 ∈ D and y 1 ≤ y such
Hence D is a dual standard ideal. (1) => (2) It is sufficient to prove that 
Theorem
θ is a congruence relation.
To show that (2) ⇒ (3)
Suppose the binary relation D
To prove that D is distributive and for all X,
First we prove that D is Distributive ideal.
That is (
where θ is a congruence relation
Therefore D is a distributive ideal.
Now to prove that
Therefore from (1) and (2) we have X = Y.
To show that (3) ⇒ (1)
Suppose D is distributive and for all X,Y∈ I(S),mplies X = Y.
To prove that D is standard ideal.
That is to prove that We have (
Hence D is standard ideal.
Theorem:
Every standard ideal in a semilattice S is a distributive ideal but converse is not true.
Proof:
By above theorem, we have standard ideal in a semilattice S is a distributive ideal.
Conversely, we consider the semilattice S = {a 0 , a 1 , a 2 ,….. a n ,a, b,c,d,1}as shown in figure 3 And Take D = {a 0 , a 1 , a 2 ,….. a n ,1}
Then D is a distributive ideal but not a standard. (1) To prove that θ D is a congruence relation on S. Then ϕ (x) = ϕ(y) and ϕ(y) = ϕ(z).
Thus θ D is transitive.
(d) Suppose x ≡ x 1 (θ) and y ≡ y 1 (θ)
Then we have ϕ (x) = ϕ(x 1 ) and ϕ(y) = ϕ(y 1 )
Therefore θ D satisfies substitution property. Hence θ D is a congruence relation.
(ii) To prove S/θ D is a semilattice.
Since x, y ∈ S, x ∨ y ∈ S as S is a semilattice ,which implies (x ∨ y) (θ D ) ∈ S/θ D .
Therefore S/θ D is a semilattice.
To show that ψ is well defined.
Therefore ψ is well defined.
To show that ψ is one-one
To show that ψ is onto Let z 1 ∈ S 1 , implies there exists z ∈ S such that ϕ(z) = z 1 , since ϕ is onto.
Therefore ψ is onto.
To show that ψ is homomorphism , that is ψ preserves " ∨ " we claim that ϕ is an onto homomorphism.
To show that ϕ is well defined.
Suppose x = y where x, y ∈ S.
Therefore ϕ is well defined.
Therefore ϕ is one -one.
To show shat ϕ is onto
Therefore for [x] (θ D ) ∈ S/D, there exists x ∈ S such that ϕ(x) = [x] θ D Therefore ϕ is onto.
To show that ϕ is homomorphism.
Let x, y ∈ S be arbitrary. Then we claim that g is a well define onto homomorphism with ker g = I.
To show that g is well defined. 
Theorem:
A semilattice S is distributive ⇔ Every ideal D of S is a standard ideal.
Proof:
Assume that S is a semilattice and every ideal D of S is a standard ideal.
To prove that S is distributive semilattice. Converse, suppose that a semilattice S is a distributive semillatice and D is an ideal of S.
To prove that D is a standard ideal.
Since S is a distributive semilattice of I(S)
⇒ I(S) is a distributive lattice, by Theorem 1.13
⇒ Every element in I(S) is standard, since I(S) does not contain N 5 or M 3
⇒ Every ideal D of S is a standard ideal.
Conclusion:
In this chapter we give the notion of Standard ideal in a join semilattice and established characterization theorem for Standard ideal. Also given Fundamental theorem and Isomorphism theorem of Standard ideal. And , we produced the necessary and sufficient condition for a Distributive ideal to be a Standard ideal in a Joinsemilattice.
